




ABSTRACT 

Calculations of the m1n1mum distance a nd time r equir e d for 
an aircraft to return to a point without changes in a ltitude 
are prese nted in this report for the initial veloc itie s of 50 , 
100, 150, and 200 knots. The ai r craft was allowed to de­
celerate at various predete rmined va lues w h ile maintaining 
a constant normal load factor. When the minimurn dista n ce 
was determined, the time cor r esponding to minimum dis ­
tance was examined to see if it was <.: lose t o the minimum 
time computed. No a llowance was mad e fo r pilot or air­
craft response time, a nd the physical limitations of the ai r­
craft were not explored. 
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DISCUSSION 

TURNAROUND MANEUVER 

The maneuve r begins when the aircraft is directly over the target. The 
aircraft is allowed to decelerate with a given constant force while main­
taining a given normal load factor. At some point whose coordinates a re 
X A and Y A• t he aircr_~ft stops de ce lerating and continues with the same 
normal load factor in a constant radius turn until the aircraft is aligned 
with the target. The aircraft proceeds in leve l flight with a given a cce ler­
ation. 

y 

1000 

(f'T) 

Figure 1. Typical Flight Path 
Trajectory. 

Figure 1 shows a typical flight 
path with the notation used · n 
the derivation of the equations 
of motion. The aircraft is 
originally approaching the tar­
get, which is located at the 
coordinate system from the 
minus X axis. Upon passing 
the target, the aircraft rolls 
to the left toes ablish the 
proper bank angle for the nor­
mal load factor spe c ified and 
starts ciecelerating. T 
forces are applied instanta­
neously, and the aircraft re­
sponds with no delay. At point 
A the aircraft stops deceler­
ating, and at point B the air­
craft • tops turning and starts 
accelerating in a straight line 
towards the target. 

From the equations of motion, it was noted that the key point from which 
to determine the minimum distance was point A. Similarly, the minimum 
time was a function of point A and of the constant acceleration to the targe t. 
The mini mum distance point and the minimum time point are not n eces ­
sarily at the same velocity. 
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THEORY 

The re ar e thre e b a sic portions to the f light path, and t h e e quat ions of mo­
tion are different for each of these parts. In the first part, from the o r i ­
gin to point A, the intrinstic equations of motion (that is, the e quati ons o f 
motion tangent and norm,'i.l to t he fl i ght path) are as follows: 

. 
mV = -Dmg, (1) 

mvz 
mg .JnZ = - 1, (2) 

p 
and 

m~ = 0, (3) 

where p is the radius of c urvature . Equation (1) is the tange n tial e quation 
of motion. Equation (2) is the normal equation of motion. Equat ion (3 ) 
merely state s that the maneuver is performe d at c onsta nt a lt i tude. The 
radius of curvature is d e scribed by 

p = ds 
de 

ds dt = --dt de 
= v~ 

de · 
(4} 

where e is the ang le that the tan gent of fl i ght pat h make s w i th the X? xis. 
Equations (1) and (2) can be written without the mass t e rms, since t he mass 
i s considered to be a constant: 

v = -Dg (5) 
and 

yl. 
g .Jnl. (6) - = - 1 p 

If equation ( 4) is used in equation (6). it can be wr itten 

yl. 

ycrr = g .Jnz. - 1 
ere 

(7) 

or ~ 

. 
ve = g .Jnl. - 1 . 

(7 A) 

Taking the time depen•~ -:: ncy from equations (5) and (7A) leads to the follow ­
ing diffe rentia1 equation: 

dV 
v = :J nl. - 1 

-Ode (8) 
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w h i c h h a s th e fo llowin g solut i on: 

.t.n (Y) = .J nl - l 
-80 + c (9) 

D 
wher e ~ is a c onstant and C is a c on s tant of inte g r a t i on tha t c a n b e 

d ete rmined from the initial condi tions. If the initial c onditions 

y = Y 0 and e = 0 

are applied to equation (9), 

ln-.:£_ -De = Yo .J nl - 1 
( 10) 

or 
-De 

y = y :..Jn2 - 1 
oe 

(lOA) 

In order to solve for the time required to perform the first portion of the 
m aneuver, either equation (5) or equation (7) must be used. Sinc e equat ion 
( 1 OA) can readily be used in equation (7 A) to give a differential equat ion in 
time and velocity that can be readily solved, equation (7A) b e comes 

dt 

which can be integrated to yield 

-Y 
t = 0 

gd 

-De 
e ~ nl - 1 de, ( 11) 

( 12) 

where C is a constan of integration that can b e d e te rmine d by use of th e 
initial c onditions 

t = 0, y = y . 
0 

Thus, equation (12) can b e s implified to r e a d 

t = Y 0 

y 
1 - -Yo 

Dg 

4 

( 13 ) 



T h us far , t h e e quations have bee n the intr i n si c eq uati o n s t ha t a r e inde pend­
e nt of the c oordin a t e syste m used. In o r de r to d e s c ribe the path a nd th e 
ve loc ity a long the pa th of the a ircraft, an X- Y c oo rdinate s yste m was 
chos e n with the or igin at the target and th e init ia l fli gh t pa th a lo n g th e X 
axis. The e quations of moti on are a s follows: 

a nd 

whe r e 

and 

X = d_X __ d_s 
ds dt 

y = dY ds 

ds -
dt 

dX 
ds 

dY 
ds 

ds dt ' 

= v, 

= cos e, 

= sin fJ • 

Therefore , equations (14) and (15) can be written as 

x = v cos e, 

and 

. 
y = v sin e . 

(14) 

(15) 

( 16) 

(17) 

(18) 

(19) 

(20) 

Equations (19) and (20) are Jifferential equations which are best solved if 
the time variable is eliminated. If equation (7 A) i s used, equations (19) 
and (20) become differential equations in 6 instead of in time; thus, 

dX 
yz 

cos e d e , = g..J nZ - 1 
(21) 

and 

dY 
y z 

sin e de. = g·..Jnz - (22) 
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However, V is a function of 8, and it is described by equation (1 OA). 
Substantiating equation ( 1 OA) in equations (21) and (22) yields the following 
integral equations: 

-zoe 

{A z. --Jnz - l 

XA = 0 

V
0 

e 
cos e de, 

g--J nl -
(2 3) 

and 

-zoe 

eA v l 
'\) nl -

y A 7:fo 
o e 

sine de. 
g'\) nZ - l 

(24) 

Equations (23) and (24) can be readily integrated to yield the following 
solutions: 

and 

2D 
'\}nl - l 

rrv A) 2 
( -20 

LY~ 'Jnl _ l 

cos eA) - lD ll 
--Jnl - J (2 5) 

(2 6 ) 

Equations (25) and (26) describe the position of the aircraft, while equation 
(13) gives the time for the first portion of the flight path. The flight path 
from point A to point B is a constant speed maneuver. The intrinsic equa-
tions of motion are as follows: 

. 
mV ::: 0, (27) 

mV 2 
'\) nz. ::: mg 1, (28) 

p 

and 

me ::: 0. (29) 
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T h us , t he tim e required to return to the t a rg e t is 

t = 
- VA ± .J VA z. + 2. kg R B 

kg 
(37) 

The velocity at the target c an be obtained from equations (33 ) and ( 37): 

V = kgt + VA (38) 

or 

V = .J VA 2 + 2 kg R B. (39) 

The total time for the maneuver is the sum of the time for eac h of the three 
parts given by equations (13), (30), and (37), and i t is expresse d as one 
e quation: 

t = V o(l-V A) + VA 
Dg V 0 g .J n l - l 

-VA + .Jy A z. + 2. k g R B 

kg 

( 4 0 ) 

In order to minimize the time, equation (40) has to b e differentiated with 
respect to VA and set equal to Lero; then the roots have to be extracted 
and tested to see whether a maximum, a m1n1mum, or a point of inflection 
has been obtaine d. If the derivative of equation (40) is equal to zero, 

dt - 0 :: -1 
dV A - Dg 

- - + 
gk 

+ g .J nl (sa -eA) + VA (dfle 
- 1 g ..Jnz. - 1 \civ A 

( dRB) VA+ gk-
dVA . 

( 4 1) 

However, 8 B has not been defined except as the t a ngent to the flight path 
at p0int B ; but from geometrical considerations, 

9f3 = n + ar c tan 
y PA 

+ arctan 
X RB 

(42) 

where X and Y are defined by equations (31) and (32). After equation ( 41) 

has been set equal to ze ro and an effort has been made to solve for V A• it 
is apparent that a solution for a ll of i ts roots is a very difficult task. 
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A value for dt 

dVA 
has been generated by th e c omputer , a nd a chang 

sign is observed as the value crosses the zero point. 

of 

There are two cases that must be conside r e d when the radiu s vector from 
the target is considered:· (1) when the constant speed turn contribute s to 
the magnitude of the radius vector and (2) when the consta nt spe ed turn 
does not add to the magnitude of the r a d iu s v ector. In the fi rst case, 

R = ..JXt. + y z. + P, (43) 

where X and Y are the coordinates of the center of the consta nt speed turn 
a nd are defined by e quations (44) and (45): 

(44) 

(45) 

The second case, R, is simply given by the radius vector to the flight path 
a t point A. It is expressed by 

(·!6) 

The derivative of R with respect to VA was taken in the first case and set 

equal to zero . The re suiting equation does not lend itself to an easily ob­
tained closed solution. The value of the derivative was generated with the 
condition that if the flight path became normal to the radius vector, R, the 
solution for minimum R was obtained. 
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RESULTS 

The curves shown in Figures 2 through 13 represent a summary of the 
computer runs made to minimize the distance required to perform the 
maneuver. It can be seen that the minimum time occurred at nearly the 
same velocity at which the minimum distance occurred ; no further effort 
was devoted to defining the minimum time·, since the time for minimum 
radius was within 1/2 s e cond of the minimum time. 

The straight line acceleration back to the target was assumed to be 0. 7g. 
This is an average value for the range of decelerations used. Even though 
this value of acc e leration is on the high side for aircraft, a change from 
0. 7g will not radically change the overall time for maneuver. 
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Figure 2. Minimum Turning Distance; 
Initial Veloc ity, 50 Knots. 

Figures 2, 5, 8, ::tnd 11 show 
the minimum turning distanc e 
required to pe rform the r e ­
quired maneuver for the initial 
velocities of 50, 100, 150, and 
200 knots, respectively. Sim­
ilarly, Figures 3, 6, 9, and 
12 show the time required to 
perform the minimum turning 
distance maneuve r, and Fig­
ures 4, 7, 10, a nd 13 show the 
veloc ity at point A for initial 
velocities of 50, 100, 150, and 
200 knots. The velocity at 
point A i s the most sensitive 
of the three parameters . Dur­
ing the computer runs, pro­
vis ions were made to iterate 
to obtain more accurate re­
sults; however, since the 
radius vector would not change~ 

more than a fraction of 1 per-
cent and the time would be 

within 1 second, it was felt that further iterations would not be necessary. 
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